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ABSTRACT 
This paper is a natural continuation of Mizumoto's work on the influence of 
the choice of a fuzzy implication operator on the validity of the fuzzy modus 
ponens, the fuzzy modus tollens, and the fuzzy syllogism. We present a detailed 
investigation of the validity of a fuzzified version of the well-known method-of- 
cases under 17 dO~ferent forms of the fuzzy implication operator. The inference is 
based on a generalized version of Zadeh's compositional rule of inference, using 
cylindrical extension and projection of fuzzy relations. It is pointed out that only 
nine of the forms of the operator satisfy the fuzzy method-of-cases. 
KEYWORDS: fuzzy implication operators, cylindrical extension, approxi- 
mate reasoning, fuzzy method of  cases 
INTRODUCTION 
It is well known that much of the knowledge of an expert can be stated in 
the form of if-then rules involving some variables. In most cases, however, 
these variables are so-called linguistic ones, that is, variables admitting lin- 
guistic instead of numerical values. A typical example consists of the variable 
age taking linguistic values such as old, young, not young, not old, and so 
on. In fuzzy set theory these linguistic values are interpreted as fuzzy sets on 
the (numerical) universe of the values these variables can take or, within the 
framework of possibility theory, as inducing a possibility distribution on the set 
of possible (numerical) values. Quite similarly, Zadeh [1] suggested that one 
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should represent an if-then rule, the antecedent and/or consequent ofwhich con- 
tains linguistic variables, in the form of a fuzzy relation between the universes 
involved. More explicitly, he suggested a rule of the form 
IF X is A THEN Y is B (1) 
where X and Y are variables taking values in U and V, respectively, and A 
and B are fuzzy sets on U and V, respectively, is represented by means of a 
relation R(X, Y), that is, by means of a fuzzy set on the cartesian product 
U x V. Within the framework of possibility theory, this so-called fuzzy condi- 
tional statement (1) is represented asa possibility distribution Hx, r on U x V, 
restricting the possible values of the variables X and Y. 
Fuzzy literature already reveals a lot of these fuzzy implication operators. 
In the third section we list 17 of them. After a suitable implication operator is 
chosen, the remaining problem consists of making inferences, that is, of de- 
ducing new knowledge from facts already known. Mizumoto and Zimmermann 
[2] and Fukami et al. [3] discussed the generalizations of the classical inference 
schemes modus ponens, modus tollens, and syllogism. More explicitly, 
FUZZY MODUS PONENS 
Antecedent 1: X is A 
Antecedent 2: X is A =~ Y is B 
Conclusion: Y is B ~ 
FUZZY MODUS TOLLENS 
Antecedent 1: Y is B I 
Antecedent 2: X is A =~ Y is B 
Conclusion: Y is A I 
FUZZY SYLLOGISM 
Antecedent 1: X is A ~ Y is B 
Antecedent 2: Y is B ~ Z is C 
Conclusion: X is A =~ Z is C 
The way the conclusion is obtained is known as the compositional rule of 
inference (Zadeh [1]). As an example, the conclusion B'  in the generalized 
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modus ponens is obtained as B' = A' o R, where R is the fuzzy relation 
representing the fuzzy conditional statement X is A ~ Y is B and o stands 
for the sup-min composition of the unary relation A' and the binary relation R. 
Sometimes A' o R is called the direct image of A' under R and denoted R(A') 
(Kerre [4]). It is obvious that the conclusion B' will be dependent on the choice 
of the relation R, that is, on the choice of the fuzzy implication operator. The 
results can be found in Mizumoto and Zimmermann [2]. 
In this paper we give a detailed treatment of a fuzzified version of another im- 
portant classical inference scheme, known as the method-of-cases. This scheme 
will be introduced in the next section. 
It is important to remark that in this work only the operator min is used 
to obtain intersections of fuzzy relations. Several authors noted that optimal 
results for the fuzzy modus ponens inference rule are obtained when there is 
a relationship between the intersection operator (in general a triangular norm) 
and the implication operator in the generalized modus ponens inference scheme 
(Martin-Cloualre [5]; Trillas and Valverde [6]). We show that in addition to 
these best choices, several other implication operators also yield optimal results 
for the fuzzy method-of-cases reasoning scheme. 
FUZZY METHOD-OF-CASES 
In propositional logic the inference rule known as the method-of-cases has 
the form 
METHOD-OF-CASES 
Antecedent 1: P or Q 
Antecedent 2: P :=~ R 
Antecedent 3: Q ~ R 
Conclusion: R 
This is equivalent to saying that the formula 
((P or Q) and (P ::¢, R) and (Q ~ R)) ~ R 
is a tautology in classical logic. The proof of many theorems in classical math- 
ematics is based on this scheme. For example, theorems involving the absolute 
value of a real variable are proved by considering separately positive and non- 
positive values of the variable, and the conclusion is derived in each of these 
cases. The main purpose of this paper is to investigate the validity of a similar 
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deduction scheme when the antecedents involve fuzzy concepts: 
FUZZY METHOD-OF-CASES 
Ant 1: X i sAor  Y i sB  
Ant2: X is A ~ Z is C 
Ant3: Y isB~ZisC  
Conc: Z is C 
where X,  Y, Z are variables taking values in U, V, W, respectively, and 
A, B, C are fuzzy sets in U, V, W, respectively. 
To formalize this inference we need a representation for the disjunction in 
the first antecedent and a representation for the implication in the remaining 
antecedents. First, following Zadeh [1, 7], the disjunctive proposition X is A 
or Y is B is transformed into a fuzzy binary relation R(X, Y) from U to V, 
defined as 
R(X,  Y) = A U B 
where A, B denote the cylindrical extensions of A, B to U x V and U denotes 
a union operator. Although we might have chosen an arbitrary t-conorm, we 
restrict ourselves to the choice of max for U. Therefore R(X, Y) is given as 
R(X, Y): U x V ~ [0, 1]: (u, v) ~ max{A(u), B(v)}, 
V(u, v) E U x V 
since .4(u, v) = A(u) and B(u, v) = B(v). The reader may have noticed that 
we do not make any distinction between a fuzzy set and its membership function. 
Second, concerning the representation f the fuzzy conditional statements in
antecedents 2 and 3, a lot of candidates for the extended implication operator 
are available. In the sequel, we list 17 suitable operators. As an example, let us 
take the Kleene-Dienes implication operator, denoted Rb, for the representation 
of antecedent 2:
Rb(X, Z): U x W ~ [0, 1]: (u, w) ~ max{1 -A(u) ,  C(w)}, 
V(u, w) ~ U x W 
In a similar way we obtain for the Kleene-Dienes representation f antecedent 
3: 
Rt,(Y, Z): V x W ~ [0, 1]: (v, w) ~ max{1 - B(v), C(w)}, 
V(v, w) E V x W 
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So far, antecedent 1 gives information about he variables X and Y; antecedent 
2, about he variables X and Z; and antecedent 3, about he variables Y and Z. 
Using an extension of Zadeh's compositional rule of inference, we may deduce 
information about he variable Z, namely Z is C*, where 
C* = projw(R(X, Y) NRb(X, Z) fqRb(Y, Z) 
Here R(X, Y), Rb(X, Z), and Rb(Y, Z) denote the cylindrical extensions of 
R(X, Y), Rb(X, Z), and Rb(Y, Z), respectively, to U x V × W, and projw 
is the projection on IV (Zadeh [7]). More explicitly, C* is given as 
C*(w) : sup min{R(X, Y) . (u, v), Rb(X, Z) . (u, w), Rb(Y , Z) . (v, w)} 
ldp O 
= supmin{max{A(u), B(v)}, max{1 -A(u) ,  C(w)}, 
g/pV 
max{l - B(o), C(w)}} 
where w is an arbitrary element in W. 
We say that the fuzzy method-of-cases holds if C* = C, that is, if 
Vw E W, C*(w) = C(w) 
In the following section we list the above-mentioned 17 fuzzy implication op- 
erators and in the fourth section we investigate their influence on the fuzzy 
method-of-cases. 
FUZZY IMPL ICAT ION OPERATORS 
The fuzzy implication operators Rm and Ra were proposed by Zadeh 
[7]; the operator Rc was proposed by Mamdani [8]; the operators 
Rs, Rg, Rsg, Rgg, Rss, R A, R A, R[] appeared in Mizumoto et al. [2, 3, 9-11]; 
Willmott introduced R# [12]; the operators Rlt~, Rle were given by Wu [13]; 
and the operators Rb and R.  were introduced by Bander and Kohout [14, 15]. 
Let us now list all these operators for the formal representation f the fuzzy 
conditional statement, if X is A then Z is C, where A and C are fuzzy sets on 
U and IV, respectively. 
Rm(X, Z) . (u ,  w) = (A(u) AC(w)) V (1 -A(u) )  
Ra(X, Z) .  (u,  w) = 1 A (1 - A(u) + C(w)) 
Rc(X, Z) . (u, w) = A(u) A C(w) 
Rs(X, Z) . (u, w) = A(u) ---, sC(w) 
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where 
where 
1, if A(u) < C(w) 
A(u)  ~ sC(w) = 
0, elsewhere 
Rg(X,  Z) . (u, w) = A(u)  --* gC(w) 
A(u)  --~ gC(w) = ~ 1, i fA(u)  < C(w) 
t C(w), elsewhere 
Rsg(X, Z ) .  (u, w) = (A(u) ~ sC(w)) A (1 -A (u)  ---, gl - C(w)) 
Rgs(X, Z ) .  (u, w) = (A(u) ~ gC(w)) A (1 - A(u)  ~ s 1 - C(w)) 
Rgg(X, Z ) .  (u, w) = (A(u) ~ gC(w)) A(1 -A (u)  ~gl  - .C(w))  
Rss(X, Z ) .  (u, w) = (A(u) ~ sC(w)) A (1 - A(u)  ~ s 1 - C(w)) 
Rb(X, Z). (u, w) = (1 -A (u) )  VC(w) 
Rz~(X, Z) . (u, w) =A(u)  ---* AC(w) 
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where 
where 
A(u)  --~ AC(w) = ~ 1, 
t C(w)/A(u), 
if A(u) _< C(w) 
elsewhere 
RA (X,  Z) . (u, w) =A(u)  ~ • C(w) 
1 A C(w) 1 -A (u)  
A(u)  ~ • C(w) = ~ A 1 -C(w) '  
1, 
i fA(u)  > 0;C(w) < 1 
elsewhere 
R . (X ,  Z ) - (u ,  w) = 1 -A (u)  +A(u)C(w)  
R#(X ,  Z) .  (u, w) = ((1 - A(u)) V c(w)) 
A (A(u) V 1 - A(u)) A (C(w) V 1 - C(w)) 
Ro(X,  Z) . (u, w) = A(u) ---, []C(w) 
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where 
where 
where 
aC(w) = ~" 1, A(u)  
t O, 
i fA(u)  < 1 or C(w) = 1 
elsewhere 
Rib(X,  Z) . (u, w) = A(u)  --~ lbC(w) 
1, 
A(u) --~ lbC(w) = (1 - A(u)) A C(w), 
if A(u) < C(w) 
elsewhere 
RIe(X,  Z) . (u, w) = A(u)  --~ leC(w) 
0, 
A(u) ~ leC(w)  = C(w), 
i fA(u)  < C(w) 
elsewhere 
INFLUENCE OF THE FUZZY IMPLICATION OPERATOR 
ON THE METHOD-OF-CASES 
In this section we set out to calculate C*(w) as a function of C(w) for each of 
the above-mentioned implication operators, in order to show whether or not the 
method-of-cases holds for any of these. Because of space limitations, however, 
we shall again discuss fully only the case of the Kleene-Dienes operator Rb. 
The other results, all of them listed in Tables 1 and 2, can be obtained in a 
similar way. 
As shown earlier, the expression for C*(w) in the Kleene-Dienes case be- 
comes 
C*(w) = supmin{max{A(u), B(v)}, max{1 -A(u) ,  C(w)}, 
/d~O 
max{1 - B(v), C(w)}} 
To obtain an expression for C* that is independent of the choice of the fuzzy 
sets A and B, we assume that 
rng(A) = rng(B) = rng(C) = [0, 1] 
We can then omit the reference to the variables u, v, w and consider A, B, C 
as variables taking values in the set [0, 1]. The same line of reasoning is tacitly 
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Table 1. 
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Validity of the Fuzzy Method of Cases under Various Implication 
Operators 
Fuzzy Implication Fuzzy Set C* Fuzzy Method of Cases 
Rm 0.5 VC No 
Ra (1 + C)/2 No 
Rc C Yes 
Rs C Yes 
Rg C Yes 
Rsg C Yes 
Rg s C Yes 
Rgs C Yes 
R~ C Yes 
Rb 0.5 VC No 
Rzx C °5 No 
RA C °'5 (if C< 0.5)(2 - C) - l (else) No 
R,  (2 - C) -l No 
R# 0.5 vC No 
RD 1 No 
Rt~ C Yes 
Rle C Yes 
followed by Mizumoto and coworkers [2, 3]. This leads to 
C* = sup min{max{A, B}, max{1 -A ,  C}, max{1 -B ,  C}} 
A,B 
or, using the mutual distributivity of max and min, 
C* = sup max{min{f(A, C), g(B, C)}, min{f(B,  C), g(A, C)}} 
A,B 
where 
f (A ,  C) = min{A, max{1 - A, C}}, V(A, C) E [0, 1] 2 
g(B, C) = max{1 - B, C}, V(B, C) E [0, 1] 2 
The partial mappings f (  •, C) and g( •, C) are depicted in Figures la and lb, 
respectively, for C = 0.3 and C = 0.7. Taking into account hat 
f (A ,  C) < g(A, C), V(A, C) E [0, 1] 2 
sup{f (A, C)[A E [0, l]} = max{l/2,  C} 
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Table 2. Validity of the Fuzzy Method of Cases under Various Implication 
Opel~tOrS 
Fuzzy Implication Operator C* versus C 
R~, R,, Rg, Rsg, Rgg, 
Rg~, R~, Rib, Rle 
Rb, R# 
Ra 
RA 
R, 
RA 
R~ 
.......... i . . . . .  T ......... i~ 
........................ i -Z  
!i!!!!!!! 
i ...... i ....... i ..... i ......... 
m i i i 
/ !7/ i / .  
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0.? 
O.lS 
0.3 
I ! 
o.s o.~r Lo 
S(8.C) 
t.o 
KA.C) 
tO 
C ~ 0.? O.T 
O.S 
C ~ 0.3 0.3 
C~O.?  
C -0 .3  
o.o o.3 ~?  LO 
(b) 
0.0 : A 0.0 I | 
0.0 n 
(a) 
Figure 1. The partial mappings (a) f ( . ,  C) and (b) g( •, C). 
we find 
C* = sup max{f (A, C), f (B,  C)} 
A,B 
=max (supf (A, C), supf (B, C) 
= max{l/2, C} 
Hence we conclude that the method-of-cases does not hold for this particular 
choice of implication operator. In a quite similar way, one obtains the results 
for the remaining implication operators as given in Table 1 and depicted in 
Table 2. 
CONCLUSION 
We have investigated the validity of the fuzzy method-of-cases u ing the 
sup-min compositional rule of inference under 17 different forms for the fuzzy 
implication operator. From these results we can conclude that the operators Rc, 
Rs, R s , Rss, Rgg, Rgs, Rss, Rib, and Rle are suitable for this particular infer- 
ence scheme. Looking at the results depicted in Table 2, however, we find that 
some of them are partially suited for the above-mentioned reasoning scheme. 
For instance, the operator Rb is acceptable for C > 1/2. We can construct a
fuzzy set S of suitable implication operators for the fuzzy method-of-cases as 
follows. For each operator R in Table 2, the membership value t~s(R) is given 
by 
zs(R) -- I -dz(C~,  u) 
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where u is the identical transformation of [0, 1] and d~ is the normalized 
Hamming distance 
dx(A ,  B) -- g ~4(x) - B(x ) ldx  
In the above expression, A and B are fuzzy sets on [0, 1]. The relevant alphacuts 
of the fuzzy set S are given by 
$1 ---- {Rc, Rs, R s, Rs e, Rge, Rgs, Rs~, Rib, Rle } 
S0.89 : {R A } S0.74 = {R. } 
S0.83 --= {Rm, Rb, R#} S0.67 = {Ra} 
S0.81 : {R& } So.33 : {RE3} 
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